We consider functionals derived from Petrović-type inequalities and establish their superadditivity, subadditivity, and monotonicity properties on the corresponding real n-tuples. By virtue of established results we also define some related functionals and investigate their properties regarding exponential convexity. Finally, the general results are then applied to some particular settings. 0 ≤ P 1 ≤ P 2 ≤ · · · ≤ P m ≤ 1, P m 1 · · · P n 0, 1.7 then the reverse inequality in 1.2 holds.
Introduction
In this paper we prove some interesting properties of the functionals derived by virtue of the Petrović and related inequalities see, 1 pages 152-159 . For the sake of simplicity these inequalities will be referred to as the Petrović-type inequalities, while the corresponding functionals will be referred to as the Petrović-type functionals.
Therefore, throughout this introduction, we present the above-mentioned Petrovićtype inequalities that will be the base in our research and also define the corresponding functionals that will be the subject of our study. We start with the following inequality. Theorem 1.1. Let I 0, a ⊆ R be an interval, x 1 , . . . , x n ∈ I n , and let p 1 , . . . , p n ∈ R n be a nonnegative real n-tuple such that In addition, if f x /x is increasing on I, then the sign of inequality in 1.2 is reversed.
It should be noticed here that, if f x /x is strictly increasing function on I, then the equality in 1.2 is valid if and only if we have equalities in 1.1 instead of inequalities, that is, if x 1 · · · x n and n i 1 p i 1.
Motivated by the above theorem, we define the Petrović-type functional P 1 , as a difference between the right-hand side and the left-hand side of inequality 1.2 , that is,
where x x 1 , . . . , x n ∈ I n , I 0, a , p p 1 , . . . , p n ∈ R n , and f is defined on the interval I. On the other hand, if 1.1 is valid and f x /x is increasing on I, then P 1 x, p; f ≤ 0. 1.5
The above functional 1.3 will also be considered under slightly altered assumptions on real n-tuples x and p. For that sake, the following result from 1 will be used in due course. Theorem 1.4. Suppose I 0, a ⊆ R , x 1 , . . . , x n ∈ I n is a real n-tuple such that 0 < x 1 ≤ · · · ≤ x n , and let p 1 , . . . , p n ∈ R n . Further, let f : I → R be such that f x /x is increasing on I.
i If there exists m ≤ n such that
where P k k i 1 p i , P k P n − P k−1 , k 2, . . . , n, and P 1 P n , then 1.2 holds. ii If there exists m ≤ n such that Theorem 1.6. Let I 0, a ⊆ R , x 1 , . . . , x n ∈ I n and let p 1 , . . . , p n ∈ R n fulfill conditions as in 1.1 . If f : I → R is a convex function, then
If the function f from Theorem 1.6 is strictly convex, then the inequality in 1.8 is strict, if all x i 's are not equal or n i 1 p i / 1. Now, regarding inequality 1.8 we define another Petrović-type functional P 2 by the formula
provided that x x 1 , . . . , x n ∈ I n , I 0, a , p p 1 , . . . , p n ∈ R n , and f is defined on I. Finally, we will also be concerned with an integral form of the Petrović-type functional, based on the following integral Petrović-type inequality.
4
Abstract and Applied Analysis Theorem 1.10. Let I ⊆ R be an interval, 0 ∈ I, and let f : I → R be a convex function. Further, suppose h : a, b → I is continuous and monotone with h t 0 0, where t 0 ∈ a, b is fixed, and g is a function of bounded variation with
then the reverse inequality in 1.15 holds.
In view of Theorem 1.10, we define the functional For a comprehensive inspection on the Petrović-type inequalities including proofs and diverse applications, the reader is referred to 1 .
The paper is organized in the following way. After this introduction, in Section 2 we prove superadditivity, subadditivity, and monotonicity properties of functionals P 1 , P 2 , and P 3 . In addition, we also derive some bounds for the functional P 1 via the nonweighted functional of the same type. By virtue of results from Section 2, in Section 3 we study some other classes of Petrović-type functionals and investigate their properties regarding exponential convexity. Finally, in Section 4 we apply our general results to some particular settings.
Convention 1. Throughout this paper R denotes the set of real numbers, while R denotes the set of nonnegative numbers including zero . Further, bold letters p, q, and x, respectively, denote real n-tuples p 1 , p 2 , . . . , p n , q 1 , q 2 , . . . , q n , and x 1 , x 2 , . . . , x n . Moreover, p ≥ q means that p i ≥ q i for all i 1, 2, . . . , n.
Main Results
In this section we derive some interesting properties of the Petrović-type functionals P 1 , P 2 , and P 3 , defined in Section 1. More precisely, we establish the conditions under which the appropriate functional is superadditive subadditive and increasing decreasing , with respect to the corresponding n-tuple of real numbers. Our first result refers to the Petrovićtype functional P 1 defined by 1.3 . i P 1 x, .; f is superadditive on nonnegative n-tuples, that is,
ii If p, q ∈ R n are such that p ≥ q and n i 1 p i − q i x i ≥ x j , j 1, . . . , n, then
that is, P 1 x, .; f is increasing on nonnegative n-tuples.
iii If f x /x is increasing on I, then the signs of inequalities in 2.1 and 2.2 are reversed, that is, P 1 x, .; f is subadditive and decreasing on nonnegative n-tuples.
Abstract and Applied Analysis
Proof. i Using definition 1.3 of the Petrović-type functional P 1 and utilizing the linearity of the sum, we have
2.3
On the other hand, since f x /x is decreasing function, Theorem 1.1 in the nonweighted case for n 2 yields inequality
Finally, combining relations 2.3 and 2.4 , we obtain
Therefore we have
as claimed.
ii Monotonicity follows easily from the superadditivity property. Since p ≥ q ≥ 0, we can represent p as the sum of two nonnegative n-tuples, namely, p p −. Now, from relation 2.1 we get
Finally, if the conditions as in ii are fulfilled, then, taking into account Theorem 1.1 we have that
iii The case of increasing function f x /x is treated in the same way as in i and ii , taking into account that the sign of the corresponding Petrović-type inequality is reversed.
By virtue of Theorem 1.4, the above properties of the functional P 1 can also be derived in a slightly different setting. Theorem 2.2. Let I 0, a ⊆ R , x ∈ I n , and let real n-tuples p, q fulfill conditions as in 1.6 . If f : I → R is such that the function f x /x is increasing on I, then the functional P 1 has the following properties.
Abstract and Applied Analysis 7 i P 1 x, .; f is superadditive on real n-tuples, that is,
. . , n, P 1 P n , and Q 1 Q n , then
iii If real n-tuples p and q fulfill conditions as in 1.7 , then the signs of inequalities in 2.8 and 2.10 are reversed, that is, P 1 x, ·; f is subadditive and decreasing on real n-tuples.
Proof. i The proof follows the same lines as the proof of the previous theorem. Namely, the left-hand side of 2.8 can be rewritten as
2.11
Moreover, f x /x is increasing, hence Theorem 1.4 for n 2 yields inequality
Finally, relations 2.11 and 2.12 imply inequality
that is, we obtain 2.8 .
ii Considering p ≥ q ≥ 0, the real n-tuple p can be rewritten as p p −. Now, regarding relation 2.8 we have
Abstract and Applied Analysis Finally, taking into account conditions as in 2.9 , it follows by Theorem 1.4 that P 1 x, p − q; f ≥ 0, that is, P 1 x, p; f ≥ P 1 x, q; f , which completes the proof.
iii This case is treated in the same way as in i and ii , taking into account that the sign of the corresponding Petrović-type inequality is reversed.
Superadditivity and monotonicity properties stated in Theorem 2.1 play an important role in numerous applications of the Petrović-type inequalities. In the sequel we utilize the monotonicity property of the Petrović-type functional P 1 . More precisely, we derive some bounds for this functional, expressed in terms of the nonweighted functional of the same type.
If m > 1 then the Petrović-type functional P 1 fulfills inequality
Moreover, if f x /x is increasing on I, then the signs of inequalities in 2.15 and 2.16 are reversed.
Proof. Since p p 1 , . . . , p n ≥ m m, m, . . . , m , monotonicity of the Petrović-type functional implies that P 1 x, p; f ≥ P 1 x, m; f .
On the other hand, if f x /x is decreasing function, we have f au ≤ af u , a > 1, f au ≥ af u , a < 1.
2.18
Now, regarding 2.18 we have
that is, we obtain 2.15 . Inequality 2.16 is derived in a similar way, by using the second inequality in 2.18 .
Our next result provides superadditivity and monotonicity properties of the Petrovićtype functional defined by 1.10 .
Abstract and Applied Analysis 9 Theorem 2.4. Let I 0, a ⊆ R , x ∈ I n , and let p, q ∈ R n fulfill conditions as in 1.
1 . If f : I → R is a convex function, then the functional 1.10 has the following properties:
i P 2 x, ·; f is superadditive on nonnegative n-tuples, that is,
provided that n i 1 p i q i x i ∈ I. ii If p, q are such that p ≥ q and n i 1 p i − q i x i ≥ x j , j 1, . . . , n, then
that is, P 2 x, .; f is increasing on nonnegative n-tuples.
iii If f : I → R is a concave function, then the signs of inequalities in 2.20 and 2.21 are reversed, that is, P 2 x, .; f is subadditive and decreasing on nonnegative n-tuples.
Proof. i The left-hand side of inequality 2.20 can be rewritten as
2.22
Further, Theorem 1.6 in the nonweighted case for n 2 yields inequality
hence combining relations 2.22 and 2.23 , we get
2.24
Thus, considering definition 1.10 we obtain 2.20 , as claimed.
ii Monotonicity property follows from the corresponding superadditivity property 2.20 , as in Theorem 2.2.
iii The case of concave function f follows from the fact that the sign of the corresponding Petrović-type inequality is reversed.
To conclude this section we also derive the properties of the integral Petrović-type functional, defined by 1.18 . Theorem 2.5. Suppose f : I 0, a → R is a convex function, h : a, b → I is continuous and monotone with h t 0 0, where t 0 ∈ a, b is fixed, and let g 1 , g 2 be functions of bounded variation with
2.25
Then the functional P 3 , defined by 1.18 , has the following properties.
i P 3 h, .; f is subadditive with respect to functions of bounded variation, that is, 
Proof. i Regarding definition 1.18 of the Petrović-type integral functional, we have
that is,
by the linearity of the differential. Now, applying inequality 1.
Further, inserting 2.30 in 2.29 , we have
that is, by rearranging,
ii Monotonicity follows from the subadditivity property 2.26 . Namely, representing g 1 as g 1 g 1 − g 2 g 2 , we have
Clearly, under assumptions as in the statement of theorem, we have P 3 h, g 1 − g 2 ; f ≤ 0 see also Remark 1.11 , hence it follows that P 3 h, g 1 ; f ≤ P 3 h, g 2 ; f , which completes the proof.
n-Exponential Convexity and Exponential Convexity of the Petrović-Type Functionals
By virtue of the results from Section 2, in this section we define several new classes of Petrović-type functionals and investigate their properties regarding exponential convexity. We start these issues by giving some definitions and notions concerning exponentially convex functions which are frequently used in the results. This is a subclass of convex functions introduced by Bernstein in 2 see also 3-5 . The following remarks, propositions, and lemmas involving n-exponentially convex functions are well known see, e.g., papers 6, 7 . We will also need the following result see, e.g., 1 .
Lemma 3.6. If Φ is a convex function on an interval I and if x 1 ≤ y 1 , x 2 ≤ y 2 , x 1 / x 2 , y 1 / y 2 , then the following inequality is valid:
If the function Φ is concave then the sign of the above inequality is reversed.
Divided differences are found to be very handy and interesting when we have to operate with different functions having different degree of smoothness. Let f : I → R be a function, I an interval in R. Then for distinct points u i ∈ I, i 0, 1, 2 the divided differences of first and second order are defined as follows:
3.6
The values of the divided differences are independent of the order of the points u 0 , u 1 , u 2 and may be extended to include the cases when some or all points are equal, that is,
provided that f exists. Now, passing through the limit u 1 → u 0 and replacing u 2 by u in 3.6 , we have 1, page 16 , u 0 , u 0 , u; f lim
provided that f exists. Also passing to the limit u i → u i 0, 1, 2 in 3.6 , we have u, u, u; f lim
provided that f exists.
Remark 3.7. One can note that if for all u 0 , u 1 ∈ I, u 0 , u 1 , f ≥ 0 then f is increasing on I and if for all u 0 , u 1 , u 2 ∈ I, u 0 , u 1 , u 2 , f ≥ 0 then f is convex on I.
Now, we are ready to study some new classes of Petrović-type functionals. For the sake of simplicity and to avoid many notions, we first introduce the following definitions. In order to obtain our main results regarding the exponential convexity, we define different families of functions. Let I, J ⊆ R be intervals. For distinct points u 0 , u 1 , u 2 ∈ I, we define the following. E 1 {f t : I → R | t ∈ J and t → u 0 , u 1 , F t is n-exponentially convex in the Jensen sense on J, where F t u f t u /u}.
It remains to prove the n-exponential convexity in the Jensen sense of the functions t → Φ k f t , k 7, . . . , 11. For that sake, we consider the families of functions defined in E 2 . For each ξ i ∈ R, i 1, . . . , n, and t i ∈ J, i 1, . . . , n, we consider the function h u n i,j 1 ξ i ξ j f t i t j /2 u .
3.27
Obviously, u 0 , u 1 , u 2 , h n i,j 1 ξ i ξ j u 0 , u 1 , u 2 , f t i t j /2 .
3.28
Since t → u 0 , u 1 , u 2 , f t is n-exponentially convex, the right-hand side of the above expression is nonnegative which implies that h u is convex on I. Moreover, taking into account Remark 3.9, we have Φ k h ≥ 0 for k 7, . . . , 11, 3.29 that is, n i,j 1 ξ i ξ j Φ k f t i t j /2 ≥ 0.
3.30
Hence, t → Φ k f t is n-exponentially convex for k 7, . . . , 11, and the proof is completed.
The following corollary is an immediate consequence of the above theorem.
Corollary 3.11. Let Φ k f t be linear functionals defined as in M k , associated with families E 3 and E 4 in such a way that f t ∈ E 3 , k 1, . . . , 6, and f t ∈ E 4 , k 7, . . . , 11. Then t → Φ k f t is exponentially convex function in the Jensen sense on J. If t → Φ k f t is continuous on J then it is exponentially convex on J.
Proof. It follows from the previous theorem.
Corollary 3.12.
Let Φ k f t be linear functionals defined as in M k , associated with families E 5 and E 6 in such a way that f t ∈ E 5 , k 1, . . . , 6, and f t ∈ E 6 , k 7, . . . , 11. Then the following statements hold.
i If the function t → Φ k f t is continuous on J then it is 2-exponentially convex on J and, thus, log-convex.
ii If the function t → Φ k f t is strictly positive and differentiable on J, then for all t, r, u, v ∈ J such that t ≤ u, r ≤ v, one has B t, r; Φ k f t ≤ B u, v; Φ k f t , k 1, . . . , 11, 3.31
